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Abstract
In this work a new type of approximation operator—the Be´zier variant of the BBHK operator—is introduced. Its approximation
properties are studied. A convergence theorem for such approximation operators for locally bounded functions is established by
means of some techniques of probability theory and analysis methods. This convergence theorem subsumes the approximation of
functions of bounded variation as a special case.
c© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
In 1980, Bleimann et al. [2] introduced the Bernstein type operators Ln defined on the space of real functions on
the infinite interval I = [0,∞) by
Ln( f ; x) =
n∑
k=0
bn,k (x) f
(
k
n + 1− k
)
, x ∈ I, n ∈ N (1)
where
bn,k (x) =
(
n
k
)
xk(1+ x)−n .
Recently, Abel and Ivan [1] introduced a Kantorovich variant of the operators Ln as an approximation process for
locally integrable functions defined by
Kn( f ; x) = (n + 2)
n∑
k=0
bn,k (x)
∫ k+1
n+1−k
k
n+2−k
f (t)
(1+ t)2 dt (n ∈ N). (2)
Operators Kn are called BBHK operators. Some approximation properties of BBHK operators for continuous
functions, differentiable functions and locally bounded functions have been studied in [1] and [9]. In 2005, Srivastava
and Gupta [7] introduced the Be´zier variant of the Bleimann–Butzer–Hahn operators and estimated the rate of
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convergence of these operators for functions of bounded variation. In the present work we introduce the Be´zier variant
of the BBHK operator defined by
Ln,α( f ; x) = (n + 2)
n∑
k=0
Q(α)n,k (x)
∫ k+1
n+1−k
k
n+2−k
f (t)
(1+ t)2 dt (n ∈ N, α ≥ 1) (3)
where
Q(α)n,k(x) =
(
Jn,k(x)
)α − (Jn,k+1(x))α (Jn,n+1(x) ≡ 0) ,
and
Jn,k(x) =
n∑
j=k
bn, j (x).
It is easy to verify that Ln,α are positive linear operators and that Ln,1 is just the BBHK operator defined by (2).
Some basic properties of Jn,k(x) are given as follows (cf. [7,11]):
(i) 0 ≤ Jn,k(x) ≤ 1;
(ii) Jn,k(x)− Jn,k+1(x) = bn,k(x);
(iii) Jn,0(x) > Jn,1(x) > · · · > Jn,k(x) > · · · > Jn,n(x), for x ∈ (0,∞).
Let the kernel function Hn,α,x (t) be defined by
Hn,α,x (t) = (n + 2)
n∑
k=0
Q(α)n,k(x)
ϕn,k(t)
(1+ t)2 , (4)
where ϕn,k(t) denotes the characteristic function of the interval
Ik = [k/(n + 2− k), (k + 1)/(n + 1− k)) (5)
with respect to I = [0,∞). Then by Lebesgue–Stieltjes integral representation, we have
Ln,α( f, x) =
∫ ∞
0
f (t)Hn,α,x (t)dt. (6)
In the present work we study the rate of convergence of the operators Ln,α for the following class of function ΦB :
ΦB = { f | f is measurable on [0,∞) and is bounded on every finite subinterval of [0,∞),
for some r > 0, f (t) = O((1+ t)r ) as t →∞}.
For f ∈ ΦB , x ∈ [0,∞), and λ ≥ 0, set
ωx ( f, λ) = sup
t∈[x−λ, x+λ]∩[0,∞)
| f (t)− f (x)|.
For basic properties of ωx ( f, λ) one refers to Zeng and Cheng [10].
Now let us state our main result as follows:
Theorem 1. Let α ≥ 1 and let f ∈ ΦB and f (x+), f (x−) exist at a fixed point x ∈ (0,∞). Then for n ≥ 6x+7+2/x
we have∣∣∣∣Ln,α( f, x)− f (x+)+ (2α − 1) f (x−)2α
∣∣∣∣ ≤ x2 + 4α(1+ x)4nx2
n∑
k=1
ωx (gx , x/
√
k)
+ α(2+ 3x)| f (x+)− f (x−)|√
nx
+ 3αMln,x,re−nd(x), (7)
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where ln,x,r =
{
(1+ x)2, 0 < r ≤ 2,
(1+ x)2(1+ n)r−2, r > 2, , d(x) = x64(1+x)2 , M is a constant such that | f (t)| ≤ M(1 + t)r and gx (t) is
defined by
gx (t) =
 f (t)− f (x+), x < t <∞;0, t = x;f (t)− f (x−), 0 ≤ t < x . (8)
Let f be defined on [0,∞), f (t) = O((1 + t)r ) (for some r > 0, as t → ∞), and let f be of bounded variation
on every finite subinterval of [0,∞). Then function f satisfies the conditions of Theorem 1. Therefore Theorem 1
subsumes the approximation of functions of bounded variation as a special case.
2. Some lemmas
The following lemmas are needed in the proof of Theorem 1.
Lemma 1 ([5, Lemma 2.3]). Let x > 0, δ > 0 and
dδ(x) := δ
2
16x(1+ x)2 ;
then there holds∑
|k/(n−k)−x |≥δ
bn,k(x) ≤ 2e−ndδ(x) (0 < δ ≤ x, n ∈ N).
Taking δ = x/2 in Lemma 1, we obtain
n∑
k≥ 3nx3x+2
bn,k(x) ≤ 2e−
nx
64(1+x)2 . (9)
If n ≥ 6x + 7+ 2/x, then 3nx3x+2 ≤ 2nx2x+1 − 1; in this case, from (9) we obtain
n∑
k≥ 2nx2x+1−1
bn,k(x) ≤ 2e−
nx
64(1+x)2 . (10)
Lemma 2. Let the kernel function Hn,α,x (t) be defined as in Eq. (4). Then for 0 < y < x, we have∫ y
0
Hn,α,x (t)dt ≤ α(1+ x)
4
n(x − y)2 . (11)
Proof. From Lemma 3.1 of [1] it is known that
Ln((t − x)2, x) ≤ x(1+ x)
2
n + 1 +
(1+ x)4
(n + 1)(n + 3) .
By direct calculations and using inequality Q(α)n,k(x) ≤ αQ(1)n,k(x) (cf. [11, p. 375]), we derive∫ y
0
Hn,α,x (t)dt ≤
∫ y
0
(x − t)2
(x − y)2 Hn,α,x (t)dt ≤ α
∫ ∞
0
(x − t)2
(x − y)2 Hn,1,x (t)dt
≤ αLn((x − t)
2, x)
(x − y)2 ≤
α(1+ x)4
n(x − y)2 . 
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Lemma 3. For x > 0 and all k satisfying 0 ≤ k ≤ n, there holds
Q(α)n,k(x) ≤
α(1+ x)√
2enx
. (12)
Proof. By Theorem 1 of [8] and simple calculation, we obtain
bn,k(x) ≤ 1+ x√
2enx
.
Thus
Q(α)n,k ≤ αbn,k(x) ≤
α(1+ x)√
2enx
. 
Lemma 4. If x belongs to interval Ik′ defined in (5) for some nonnegative integer k′ ≤ n, then∣∣∣∣∣2α n∑
k=k′+1
Q(α)n,k(x)− 1
∣∣∣∣∣ ≤ α2α(1+ 2x)√nx . (13)
Proof. By Lemma 5 of [9] there holds∣∣∣∣∣ n∑
k=k′+1
bn,k(x)− 12
∣∣∣∣∣ ≤ 1+ 2x√nx .
Thus using simple inequality |aα − bα| ≤ α|a − b| (0 ≤ a, b ≤ 1, α ≥ 1), we obtain∣∣∣∣∣2α n∑
k=k′+1
Q(α)n,k(x)− 1
∣∣∣∣∣ = 2α
∣∣∣∣∣
(
n∑
k=k′+1
bn,k(x)
)α
− 1
2α
∣∣∣∣∣
≤ α2α
∣∣∣∣∣ n∑
k=k′+1
bn,k(x)− 12
∣∣∣∣∣ ≤ α2α(1+ 2x)√nx . 
3. Proof of Theorem 1
For any f ∈ ΦB , if f (x+) and f (x−) exist at x , then by Zeng–Piriou decomposition (cf. [11, Eq. (30)]:
f (t) = 1
2α
f (x+)+
(
1− 1
2α
)
f (x−)+ gx (t)+ f (x+)− f (x−)2α sgnα,x (t)
+ ηx (t)
[
f (x)− 1
2α
f (x+)−
(
1− 1
2α
)
f (x−)
]
, (14)
where gx (t) is defined in (8) and
sgnα,x (t) =
2
α − 1, t > x
0, t = x;
−1, t < x
ηx (t) =
{
1, t = x
0, t 6= x .
Obviously
Ln,α(ηx , x) = 0. (15)
Hence it follows that∣∣∣∣Ln,α( f, x)− 12α f (x+)−
(
1− 1
2α
)
f (x−)
∣∣∣∣ ≤ |Ln,α(gx , x)| + ∣∣∣∣ f (x+)− f (x−)2α Ln,α(sgnx,α, x)
∣∣∣∣ . (16)
We need to estimate |Ln,α(sgnx,α, x)| and |Ln,α(gx , x)|.
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Let x ∈ Ik′ (see (5)) for some k′. Then by direct computations, we have
Ln,α(sgnx,α, x) = (n + 2)
n∑
k=0
Q(α)n,k(x)
∫
Ik
sgnx,α(t)
(1+ t)2 dt
= (n + 2)
k′−1∑
k=0
Q(α)n,k(x)
∫
Ik
−dt
(1+ t)2 + (n + 2)
n∑
k=k′+1
Q(α)n,k(x)
∫
Ik
2α − 1
(1+ t)2 dt
+ (n + 2)Q(α)n,k′(x)
∫
Ik′
sgnx,α(t)
(1+ t)2 dt
= −1+ 2α
n∑
k=k′+1
Q(α)n,k(x)+ 2α(n + 2)Q(α)n,k′(x)
∫ (k′+1)/(n+1−k′)
x
dt
(1+ t)2 .
Since
(n + 2)
∫ (k′+1)/(n+1−k′)
x
dt
(1+ t)2 ≤ 1,
using (12) and (13), we obtain
|Ln,α(sgnx,α, x)| ≤
∣∣∣∣∣2α n∑
k=k′+1
Q(α)n,k(x)− 1
∣∣∣∣∣+ 2αQ(α)n,k′(x)
≤ α2
α(1+ 2x)√
nx
+ α2
α(1+ x)√
2enx
≤ α2
α(2+ 3x)√
nx
. (17)
Next we estimate |Ln,α(gx , x)|. By representation (6) and using Bojanic–Cheng decomposition [3,4] we write
Ln,α(gx , x) =
∫
[0,∞)
gx (t)Hn,α,x (t)dt =
4∑
j=1
∫
A j
gx (t)Hn,α,x (t)dt, (18)
where
A1 := [0, x − x/
√
n], A2 := (x − x/
√
n, x + x/√n],
A3 := (x + x/
√
n, 2x], A4 := (2x, ∞).
Firstly, note that gx (x) = 0; thus∣∣∣∣∫
A2
gx (t)Hn,α,x (t)dt
∣∣∣∣ ≤ ωx (gx , x/√n) ≤ 1n
n∑
k=1
ωx (gx , x/
√
k). (19)
To estimate | ∫A1 gx (t)Hn,α,x (t)dt |, note that ωx (gx , λ) is monotone increasing with respect to λ; thus by means of a
technique similar to that used in [6] by Khan and some simple calculations (we omit the details; one can compare [6,
the proof of Theorem 2.1]), we can obtain∣∣∣∣∫
A1
gx (t)Hn,α,x (t)dt
∣∣∣∣ ≤ α(1+ x)4nx2
(
ωx (gx , x)+
∫ n
1
ωx (gx , x/
√
u)du
)
≤ 2α(1+ x)
4
nx2
n∑
k=1
ωx (gx , x/
√
k), (20)
and ∣∣∣∣∫
A3
gx (t)Hn,α,x (t)dt
∣∣∣∣ ≤ 2α(1+ x)4nx2
n∑
k=1
ωx (gx , x/
√
k). (21)
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Finally, we estimate∣∣∣∣∫
A4
gx (t)Hn,α,x (t)dt
∣∣∣∣ .
Let f (t) = O((1+ t)r ), 0 < r ≤ 2. Then using (10) and recurrence relation
(1+ x)2bn+2,k(x) = (n + 1)(n + 2)
(n + 1− k)(n + 2− k)bn,k(x),
for n ≥ 6x + 7+ 2/x , we have∣∣∣∣∫
A4
gx (t)Hn,α,x (t)dt
∣∣∣∣ ≤ n∑
k+1
n+1−k≥2x
(n + 2)Q(α)n,k(x)
∫ k+1
n+1−k
k
n+2−k
∣∣∣∣ gx (t)(1+ t)2
∣∣∣∣ dt
≤ α
n∑
k+1
n+1−k≥2x
(n + 2)bn,k(x)
∫ k+1
n+1−k
k
n+2−k
Mdt
= αM
n∑
k≥ 2nx+4x1+2x −1
(n + 2)2
(n + 1− k)(n + 2− k)bn,k(x)
≤ 3
2
αM(1+ x)2
n∑
k≥ 2nx+4x1+2x −1
bn+2,k(x) ≤ 3αM(1+ x)2e−nd(x), (22)
where M > 0 is a constant such that | f (t)| ≤ M(1+ t)r , d(x) = x/(64(1+ x)2).
Similarly, if | f (t)| ≤ M(1+ t)r , r > 2, there holds∣∣∣∣∫
A4
gx (t)Hn,α,x (t)dt
∣∣∣∣ ≤ 3αM(1+ x)2(1+ n)r−2e−nd(x). (23)
Collecting (18)–(23) we obtain
|Ln,α(gx , x)| ≤ x
2 + 4α(1+ x)4
nx2
n∑
k=1
ωx (gx , x/
√
k)+ 3αMln,x,re−nd(x). (24)
Theorem 1 now follows from (16), (17) and (24).
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